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Abstract. Molecular dynamics simulations have been carried out for the simple few-body systems of two particles
confined within a 2-dimensional rectangular box. The two different sets of interaction potentials between the
colliding particles were employed in these studies: hard-sphere and square-well interactions. Wall pressures, the
wall/particle and the particle/particle collision frequencies, and the position autocorrelation functions were computed
to examine the thermodynamic, structural and time-dependent properties of such systems. Detailed dynamic effects
are discussed to describe configurational particle trajectories including fast/slow relaxation processes observed in

the position autocorrelation functions.
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1. Introduction

Whether it is solid-like or fluid-like, the behavior of par-
ticles, or molecules, confined within a given structural
system is often of significant importance in science and
engineering applications, e.g., nanoporous and microp-
orous materials such as carbon nanotubes, zeolites, and
porous metal oxide compounds for heterogeneous cat-
alysts and separation processes. From a simple struc-
tural point of view, the behavior will be solid-like if
the particle center-of-mass positions are restricted to
sub-nanometer spatial fluctuations and they cannot ex-
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change their positions with neighboring particles. In a
fluid-like phase, particles are subject to less stringent
confinement and may move freely, exchanging their
positions with each other.

In the usual many-body systems, the statistical me-
chanical definition is related to the so-called thermody-
namic limit, where the system volume and the number
of particles tend to infinity while the number density is
kept to be fixed in the thermodynamic sense. In re-
cent years, it has been gathered considerable atten-
tion to study the finite few-body systems, and more
rigorous treatments are possible by means of analyti-
cal considerations and computer simulations (Nemeth
and Lowen, 1998; Gonzalez et al., 1998; Roman et al.,
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1999,2003; Caoetal.,2004). There have been observed
quite different effects in the finite few-body systems,
which are not emerged in the infinite bulk behavior.
For instances, in the system of the finite hard disks
in a circular cavity, Nemeth and Lowen (1998) have
reported the transition from ergodic to non-ergodic be-
havior called the ergodicity breaking, and the dynami-
cal crossover from hydrodynamic relaxation to particle
exchange hopping.

As one of the simplest finite few-body systems,
Awazu (2001) has studied the thermodynamic, struc-
tural and time-dependent properties for a system
composed of two hard disks in the two-dimensional
rectangular box using the molecular dynamics (MD)
computational method. In his simulation work, it was
observed a relation similar to the van der Waals in-
stability detected from the negative compressibility
between the width of the box and the pressure at
the sidewalls. More recently, the corresponding phase
transition was analyzed theoretically based on the ex-
act partition function and its related equilibrium dis-
tribution function (Munakata and Hu, 2002). In the
present work we have investigated this model system
for both hard-sphere and square-well particles via the
MD simulation method. In such a simple system, MD
results can provide details for molecular motions in
the confined geometry. The finite few-body MD re-
sults obtained in this work would be interest to com-
pare with previous simulation studies for many parti-
cle systems at very low densities (Papadopoulos et al.,
1999).

2. Computational Method

We consider the simple system of two particles in a
two-dimensional rectangular box. Here, the four walls
of the box are assumed to be rigid, and the box width
and the height are L, and L in units of the hard-sphere
diameter o, respectively. Two different sets of inter-
action potentials between the colliding particles were
employed: hard-sphere (HS) and square-well (SW) in-
teractions. The SW potential of differing both the well
depth ¢ and the well width A can cover a wide range
of systems from sticky hard spheres (very narrow and
deep wells) to the van der Walls limit (very wide and
shallow wells). For our SW systems, we have cho-
sen a fixed A-value of 1.5 o for the well width, and
two conditions for the well depth (¢/kpT = —0.8
for the attractive SW system and ¢/kgT = +0.8 for
the repulsive SW system). Here kp and T denotes

the Boltzmann constant and the system temperature,
respectively.

Molecular dynamics (MD) simulations were con-
ducted in a manner similar to that described originally
by Alder and Wainwright for hard-core systems (1959).
The hard wall collisions with the boundaries of the box
were treated via the normal rules of elastic specular
scattering. The MD computational algorithm employed
in this work is described elsewhere in our earlier sim-
ulation work for confined fluids in the cylindrical (Suh
and MacElroy, 1986; MacElroy and Suh, 1987) and the
spherical pore systems (Suh et al., 1998; Kim and Suh,
2001). For the purpose of direct comparison between
the HS and the SW systems, the SW results were scaled
to the same HS temperature by adjusting the averaged
kinetic energy of the SW systems to that of the HS sys-
tems. The trajectories for each of simulation runs were
20 million collision steps in total. Our MD results re-
ported in the next section were scaled to all reduced
dimensionless quantities, using the unit hard-disk di-
ameter o, the unit particle mass m, and the unit thermal
energy kT . Under this unit system, the total system
energy is scaled to 2, which should be conserved during
MD simulations regardless of system input parameters
for the box size.

3. Results and Discussion

In Fig. 1(a) and (b), MD results for the wall pressure
are illustrated as a function of L, at a given condition
of L, for the x-wall (left and right) pressure P, and
the y-wall (upper and lower) pressure P, respectively.
The wall pressure was evaluated from the time average
of the instantaneous momentum changes arising during
each particle collision with the walls of the box per unit
length per unit time.

The HS simulation results for both P, and P,
are found to be in excellent agreement with theo-
retical predictions evaluated from the configurational
partition function and its thermodynamic relationship
(Munakata and Hu, 2002). For the side-wall pres-
sure P, as displayed in Fig. 1(a), sharp local max-
ima develop near L, ~ 2.0 with decreasing the box
length L,. For the systems of smaller L-values, it
is shown that there are larger unstable regions where
the volume compressibility becomes negative. This
anisotropic pressure behaviorin the L, vs. P, curvesin-
dicates the ergodic/non-ergodic phase transition, which
is dominated by the geometric constraint in the con-
fined system. The pressure curve (or, the equation of
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Figure 1. (a) The x-wall (left and right) pressures Py, and (b) The y-wall (upper and lower) pressures Py as a function of L,. The symbol of
solid circles, lower triangles, and upper triangles correspond to the hard-sphere, the attractive square-well and the epulsive square-well systems,

respectively.
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Figure 2. (a) The x-wall collision frequencies ., (b) The y-wall collision frequencies wy,y, and (c) the particle/particle collision frequencies

w) as a function of L. The symbols are as defined in Fig. 1.

state) in Fig. 1(a) is similar to the van der Waals loop of
liquid/vapor transition or the Alder loop of solid/fluid
transition for bulk hard-sphere systems at high densi-
ties near the random close packing. In the repulsive
SW system, the weak secondary peak is also observed
near L, ~ 2.5 for the systems of L, = 2.1, which
indicates a structural change due to the repulsive colli-
sions between the SW particles. This peak reduces in
importance with increasing L ,-values, and eventually
disappears as the box length L, approaches a value of
3.0.

In contrast to the L - P, relationship, as can be seen
in Fig. 1(b), the L, vs. P, curves decrease monoton-
ically with increasing the L,-values. For the smaller
systems of L, = 2.1 and L, = 2.3, it is observed that
the y-wall pressure for both repulsive and attractive SW
systems are similar with that of the HS system and their

behaviors are close each other, particularly when the
box size is small. For the larger systems of L, = 3.0,
however, the repulsive SW particles promote wall col-
lisions while the attractive SW interactions enhance
more frequent collisions between the particles rather
than with the wall. This leads to lower wall pressures
for the attractive SW system and higher wall pressures
for the repulsive SW system. We note here that such
pressure behaviors come from the system responses of
P, and P, to the variations of L,. It is obvious that,
under the variations of L, but a fixed value of L, the
P, curve will display the pressure instability behavior,
but not for the P, curve.

In Fig. 2, collision frequencies per unit time de-
termined during our MD simulations are displayed
for the x-wall collisions, w,,,, (Fig. 2(a)), the y-wall
collisions, wy,, (Fig. 2(b)), and the particle/particle
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collisions, w,, (Fig. 2(c)), respectively. The exclusion
volume effect on colliding particles becomes evident
when the box size is small, and the resulting charac-
teristics of the wall collision frequencies in Figs. 2(a)
and (b) are shown to be very similar to those of the
matching wall pressures in Figs. 1(a) and (b). For
the x-wall collision frequencies, as also observed in
the wall pressure behavior in Fig. 1(a), the locally de-
veloped maxima are gradually reduced when the box
height L, is getting smaller, and nearly disappeared at
the systems of L, = 3.0. The y-wall collision fre-
quencies in Fig. 2(b) do not indicate such inhomo-
geneous behaviors but decay monotonically with in-
creasing the box width L,. As can be deduced from
the particle/particle collision frequencies in Fig. 2(c),
the hard-core collision dynamics are dominant for the
small system, whereas the soft-core collision dynamics
are getting more significant with increasing the system
size. This tendency is clearly illustrated in the case of
L,=3.0.

During our MD simulations we have computed the
normalized position autocorrelation function (PACF),
which is defined as PACF(¢) = (r(z).r(0))/(r(0).r(0))
where r(t) represents the particle position vector at a
given time ¢ and the symbol (.. .) denotes the ensem-
ble average over the time origin t+ = 0. We present
several PACFs as a function of ¢ for the systems of
L, = 3.0in Fig. 3(a) and L, = 2.05 in Fig. 3(b), re-
spectively. The following remarks emerge from these
figures: (i) In the solid-like state, PACFs have a finite
positive value because two hard-disk particles cannot
exchange their positions, (ii) PACFs drop off rapidly
in the fluid-like state where particle positions are avail-
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Figure 3. The position autocorrelation functions as a function of #.
The symbols are as defined in Fig. 1.

able over all configurational space, and (iii) In the in-
termediate between the solid/fluid states, PACFs have
the signals of the plateau due to the relaxation process
between two colliding particles. It can be regarded as a
solid-like state for L, = 2.0and L, = 3.0, and a fluid-
like state for L, = 2.5 and L, = 3.0 in Fig. 3(a). For
the systems of L, = 2.1 in Fig. 3(a) and L, = 2.05
in Fig. 3(b) the relaxation process is apparent where
the overtaking motion between the colliding particles
are sterically hindered. In the case of L, = 3.0 in
Fig. 3(b) the PACFs display a fast relaxation in the short
time region, after which a slow relaxation starts. As
we increase L -values, the PACFs tend to decay more
rapidly during the particle collision time, and subse-
quently the trajectories of the moving particles are more
correlated. This implies that the overtaking probabili-
ties are becoming progressively smaller with increasing
L -values.

In Fig. 4 we illustrate the typical trajectories of the
center of one particle for the few selected runs in the
case of L, = 3.0. The particle trajectories displayed
in this figure are plotted during 2,000 collision events.
When the sum of two particle diameters is equal or less
than the box width (L, < 2.0), confined particles in
the box cannot change their positions in the horizon-
tal x-direction (HS with L, = 1.8 in Fig. 4(a)). On the
other hand, in the systems of less stringent confinement
(Ly > 2.0), two particles may move freely, exchang-
ing their spatial positions with each other along the
x-direction (attractive SW with L, = 2.5 in Fig. 4(b)).
Under those conditions more frequent collisions among
particles could be occurred during the position over-
taking processes, particularly when the box length is
slightly larger than two particle diameters. This ef-
fect is also indicated evidently in Fig. 2(c), where the
particle/particle collision frequencies tend to increase
near L, = 2.0 for the system of L, = 3.0. In ad-
dition to this geometric effect, the particle trajectories
can be dominated by collision dynamics, depending on
the nature of system interactions (repulsive SW with
L, = 2.05 in Fig. 4(c)). In this case the fast/slow re-
laxation processes are largely related to discontinuous
jumping motions, or hopping-like motions. These phe-
nomena is not limited to the finite few-body system,
and a similar observation, namely the dynamic chatter-
ing effect, was also made in our previous MD studies
of the hard-sphere fluids and mixtures in the cylindrical
microcapillaries (Suh and MacElroy, 1986; MacElroy
and Suh, 1987) and model one-dimensional nanopores
(MacElroy and Suh, 2001; MacElroy et al.,2001). Such
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Figure 4. Typical trajectories of the center of one particle during 2,000 collision events for L, = 3.0. (a) hard-sphere with L, = 1.8, (b)
attractive square-well with L, = 2.5, and (c) repulsive square-well with L, = 2.05.

dynamic chattering effects between two colliding par-
ticles could explain, at least qualitatively, the restricted
or hindered diffusion processes when the size of con-
fined particles approaches to that of the effective pore
radius in nanoporous systems.

4. Conclusion

In the present work we have investigated one of the
simplest few-body systems consisting of two confined
particles within a two-dimensional rectangular box by
means of molecular dynamics simulations. In such a
simple finite few-body system, it turns out to have
rich structural and correlation properties in space and
time. For the small system the wall pressure shows
the anisotropic behavior due to the ergodic/non-ergodic
transition, which is similar with the van der Waals in-
stability loop. The weak secondary peak is observed
for the system of repulsive SW interactions. It is found
that the addition of repulsive interactions between parti-
cles gives rise to the negative van der Waals instability,
which is originated from the packing. The hard-core
collision dynamics are dominant for the small system,
whereas the soft-core collision dynamics are getting
more significant with increasing the system size. In ad-
dition to the structural effect, more frequent dynamic
collisions with the wall, namely dynamic chattering
effects, could enhance the local maxima peak in the
wall pressure curve. Detailed dynamic effects are also
discussed with fast/slow relaxation processes of collid-
ing particles as observed in the position autocorrelation
functions.
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